In this present paper, the existence of pullback attractors for the 2D Navier-Stokes equation with weak damping and continuous delay is considered; by virtue of the classical Galerkin method, we derive the existence and uniqueness of global weak and strong solutions. Using the Aubin-Lions lemma and some energy estimate in the Banach space with delay, we obtain the uniform bound and the existence of a uniform pullback absorbing ball for the solution's semi-processes, and we conclude to the global attractors via verifying the pullback asymptotical compactness by the generalized Arzelà-Ascoli theorem.
Introduction
In this present paper, we investigate the existence of a pullback attractor for the D NavierStokes equations with weak damping and continuous delay that governs the motion of an incompressible fluid:
where ⊂ R  is a bounded domain with smooth boundary ∂ , τ = × (τ , +∞), τ h = × (τ -h, τ ), τ ∈ R is the initial time, ν is the kinematic viscosity of the fluid, u = u(t, x) = (u  (t, x), u  (t, x)) is the velocity vector field, which is unknown, p is the pressure, α >  is positive constant, αu is the weak damping, f (t -ρ(t), u(t -ρ(t))) is the external force term which contains memory effects during a fixed interval of time of length h > , ρ(t) is an adequate given delay function, u  is the initial velocity field at the initial time τ ∈ R, φ is the initial state of delay in [τ -h, τ ], h >  is a constant.
When α =  in (.), the external force equals , then the system reduces to the wellknown D incompressible Navier-Stokes equation:
Since the last century, the global well-posedness and large-time behavior of solutions to the Navier-Stokes equations have attracted many mathematicians.
For more results as regards the well-posedness and long-time behavior of the D autonomous incompressible Navier-Stokes equations, such as the existence of global solutions, the existence global attractors, the Hausdorff dimension, and the inertial manifold approximation, we can refer to Ladyzhenskaya [] considered revised D incompressible Navier-Stokes equations generated by an optimal control problem, and they proved the existence of pullback attractors by constructing a dynamical multivalued process.
However, the infinite-dimensional systems for D and D incompressible Navier-Stokes equations have not yet been completely resolved, so many mathematicians pay attention to this challenging problem, such as the existence of an inertial manifold for D incompressible Navier-Stokes equations and the global attractors for the D incompressible NavierStokes equations. In this regard, some mathematicians pay attention to the Navier-Stokes equation with weak or strong damping to approximate the standard equations, such as [-] for the D and D incompressible Naver-Stokes equations with damping. However, there are fewer results for the large-time behavior for the Navier-Stokes equations with weak damping and distributed delay. In this paper, we shall show the existence of uniform pullback attractors for the problem (.). This paper will be organized as follows: in Section , we shall give some preliminaries; in Section , the existence and uniqueness of global weak and strong solutions will be derived; we shall prove the existence of a uniform pullback absorbing ball in Section ; with the pullback attractors we will conclude in the last section.
Some preliminaries
In this paper, C will stand for a generic positive constant, depending on and some constants, but independent of the choice of the initial time τ and t. The Hausdorff semidistance in X from one set B  to another set B  is defined as
P is the Helmholz-Leray orthogonal projection in (L  ( ))  onto the space H, A := -P is the Stokes operator subject to the nonslip homogeneous Dirichlet boundary condition with the domain (H  ( ))  ∩ V , and A is a self-adjoint positively defined operator on H. 
where 
and · and ((·, ·)) denote the norm and inner product in V , i.e.,
and
The norm · * denotes the norm in V , · denotes the dual product in V and V . We define the following bilinear form operator:
and the trilinear form operator
Clearly, the trilinear operator satisfies
Next, we introduce some useful inequalities and lemmas. Young's inequality is
The Poincaré inequality is
where λ  is the first eigenvalue of A under the homogeneous Dirichlet boundary condition.
Definition . Let X and Y be Banach spaces, X ⊂ Y , we say that X is compactly embedded in Y , written 
Proof See e.g.
[].
Lemma . (The uniform Gronwall inequality) Let g(t), h(t), and y(t) be three positive locally integrable functions on (t  , +∞) such that y(t) is locally integrable on (t  , +∞) and the following inequalities are satisfied:
where r, a i (i = , , ) are positive constants. Then we have
Proof See e.g. [] .
it is equicontinuous, and for
Next, we shall give some definitions and a theorem as regards the existence of pullback attractors for non-autonomous systems.
Definition . Let X be a metric space, the set class
Let P(X) denote all the family of nonempty subsets of X, and D the class of all familieŝ D = {D(t)|t ∈ } ⊂ P(X).
Definition . The process class {U(·, ·)} is said to be pullback D-asymptotically compact, if for any t ∈ R,D ∈ D, and τ n → -∞, x n ∈ D(τ n ), the sequence {U(t, τ n )x n } possesses a convergence subsequence.
Definition . A familyÂ = {A(t)|t ∈ R} ∈ P(X) is said to be a global pullback D-attractor with respect to the process {U(·, ·)}, if (i) A(t) is compact for any t ∈ R; (ii)Â is pullback D-attracting, i.e.,
Next we give a result for the existence of a global pullback D-attractor.
Theorem . (See [])
Suppose the process {U(t, τ )} is continuous and pullback D-asymptotically compact, and there existsB ∈ D which is pullback D-absorbing with respect to {U(t, τ )}. Then the familyÂ = {A(t)|t ∈ R} ⊂ P(X), A(t) = (B, t), t ∈ R, is a global pullback D-attractor which is minimal in the sense that ifĈ = {C(t)|t ∈ R} ⊂ P(X) is closed and
Existence of global weak and strong solutions
In the following sections, we denote by
Banach spaces equipped with the norms
, then the problems (.) can be written in the equivalent form 
We shall give the main results in this section. 
where P m : H → H is the Leray-Helmholtz projection; the pressure p has disappeared by virtue of the application of the P. Next, we shall use the Faedo-Galerkin method to find the global weak solution. We denote
-ρ(t), u(t -ρ(t))).
By the local existence of a solution for the ordinary differential equation, we see that the approximation equation of (.)-(.) possesses a local solution.
Taking the inner product of (.) with u m at both sides, using Young's inequality, we obtain
where
i.e.,
and by the Gronwall inequality, we conclude
According to the Alaoglu compact theorem, we can find a subsequence (also denoted as u m (t)) such that
Next, we shall prove
Since
and u m ∈ L  (, T; V ), we have νAu m ∈ L  (, T; V ) and
In the following, we shall prove the uniqueness of the global solution. Assume u(t; , φ), v(t; , φ) are two solutions of (.), whose initial data is (, φ); setting
Noting that
B(u, u) -B(v, v) = B(w, u) + B(u, w) (  .   )
taking the inner product of (.) with w at both sides, by using Young's inequality, we obtain
Integrating (.) over [, t] , and noting
we get
we derive
H , for the problem (.) there exists a unique solution u t (·; τ , (u  , φ) ). Similar to the construction of a semigroup for an autonomous system, we define the semi-process, the non-autonomous system {U(t, τ )φ : C H → C H }, which satisfies
Proof By the local existence of a solution for an ordinary differential equation, we see that the approximation equation of (.)-(.) possesses a local solution easily, here we omit the details. Let u m (t) be the approximation solution of (.), from Theorem ., there exists a k = k(T) > , such that
Define a functional as
differentiating the function W (t, u m (t)) with respect to t, we derive
Integrating (.) from  to t with respect to the time variable, we get
According to the uniform Gronwall inequality, there exists a R = R(T), such that 
According to the compact embedding theorem, we derive
The uniqueness of the global solution is similar to Theorem ..
Theorem . Assume that the assumptions
Proof Assume u(t), v(t) be two solutions of (.), whose initial data is (φ(), φ), (ψ(), ψ) respectively, setting
taking the inner product of (.) with u m at both sides, using Young's inequality, we derive
Integrating (.) from  to t with respect to the time variable, and noting that
using the formula
hence, by the Gronwall inequality, we get
The continuous dependence can be obtained obviously.
Existence of pullback absorbing set
In this section, we shall prove the existence of a pullback absorbing set for the D NavierStokes equation with continuous delay and weak damping. The uniqueness of the solution in Theorem . proves that the operator U(t, τ )φ is a semi-process.
However, we choose the skew-product flow in the space , φ) , B is a pullback absorbing set. From Lemma ., the ball B C H (,ρ H ) for the semi-process {U(t, t -s)φ} is also a pullback absorbing set, which completes the proof. Hence, U is equicontinuous, and compactness is proved. From the fundamental theory of the existence of the pullback attractor generated by the problem (.), one completes the proof.
